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Abstract 

We find out for which t shells of selfdual lattices and of theirs shadows 
are spherical t-designs. The method uses theta series of lattices, which are 
modular forms. We analyse fully cubic and Witt lattices, as well as all selfdual 
lattices of rank at most 24. 

Introduction 

A nonempty finite subset of a Euclidean sphere provides approximations for integrals 
of functions defined on that sphere. In this context, such a subset is called a 
spherical design and its efficiency is measured by an integer t ^ called its strength 
ipcGoScTT] (precise definitions are given in Section^. We are interested here in 
computing (or at least estimating) the strengths of shells in some selfdual lattices. 
These problems have natural formulations in terms of vanishing Fourier coefficients 
of modular forms which are appropriate theta series of the lattices. 

The method used in this article was already used for finding the spherical design 
strengths of shells of extremal (even) lattices. (Do not confuse with "extreme 
lattice" . The definition of extremal lattices of level 1 is given at the end of Section[Sl ) 
See | Venk84| and jVenMarOTl §16] for unimodular case, and |BacVenOT] for some 
other cases. 

Let A be a lattice in the standard Euclidian space R"; we denote by {x \ y) the 
scalar product of two vectors x,y ^ M". For a positive number m, we denote by 

A„, := {A e A I (A I A) = to} 

the shell (or layer) of norm m (that is to say of radius ^Jm in the usual sense of 
Euclidean geometry). 

Given a lattice and a positive integer t, we would like to single out the three 
following questions: 

(1) Is the shell of minimal norm a spherical f-design? 

(2) Is some shell a spherical t-design? 

(3) Is every shell a spherical t-design? 

It is quite easy to show that, if any of these question is true for t = 2 then the 
lattice is rational, that is proportional to an integral lattice (see, e.g., |MartVOll 
Chap. 3, § 1]). It is therefore reasonable to restrict the discussion to integral lattices. 
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Question (1) with t = 4 (or < = 5 which is equivalent in this case) asks whether a 
lattice is strongly perfect, which is the basic question in |VenMar01| . It is motivated 
by the classical result of Voronoi characterising extreme lattices as those which 
are "eutactic and perfect" |Voro08| . (A lattice is extreme if the density of the 
corresponding sphere packing of M" is a local maximum in the space of all lattices.) 
Strongly perfect lattices in dimensions n ^ 11 have been classified (see VenMa rOT] 
for dimensions n ^ 9 and n = 11, and [NebVenOflj for n — 10); there are ten 
isometry classes, usually denoted by Z, A2, D4, Eg, Eg, E7, Ey, Eg, K{q, and K{q 
(subscripts indicate dimensions). 

Whenever Question (2) has a positive answer, it is an experimental fact that 
there exists a "rather small" m for which A„i is a spherical t-design, but we do not 
know any general result in this direction. 

For the answer to Question (3) to be positive, it is sufficient that the space 
7^(2j)(R")Aut(A) Aut(A)-invariant har monic polynomials on R" which are ho- 
mogeneous of degree 2j is reduced to {0} for every positive integer 2j ^ t (see 
fGocSciSl, Thm. 3.12]). 

Questions (1) to (3) make sense for various sets associated to a lattice A, and 
in particular for shadows of selfdual lattices. Recall that, if A is an odd selfdual 
lattice with even part Aq = {A € A | (A | A) = mod 2}, its shadow Sh{A) is the 
complement of A in the dual Ag of Aq. (Shadows enter naturally the discussion 
since they provide efficient tools to compute theta series.) 

We denote by Z" the cubic lattice of rank n. We denote by r„ the Witt lattice of 
rank n, where n is a multiple of 4 (see Section lTUl for the definition); Fg is the unique 
even selfdual lattice of rank 8 (also known as the Korkine-Zolotareff lattice). If R is 
a root system of norm 2, we denote by a selfdual lattice of minimal norm 2 with 
A2 = R; it happens that, up to rank 23, such a lattice is unique (whenever it exists). 
We denote hy ki Ri + ■ ■ ■ + ks Rg the root system whose irreducible components are 
i?i , . . . , Ra with multiplicity fci , . . . , kg respectively; such a root system is called 
strongly eutactic if all its components have the same Coxeter number. Recall that 
the Leech lattice is the unique even selfdual lattice of rank 24 with minimal norm 4, 
and the shorter Leech lattice is the unique selfdual lattice of rank 23 with minimal 
norm 3. We say that a noncubic selfdual lattice A of rank n has a long shadow if 
tT(A) = n— 8, where (t(A) is the minimum norm of a characteristic (or parity) vector 
of A. The definitions of spherical t-design and iy2-design are given in Section ^ 

Theorem A below is partly a reformulation of known results: Claims (i) to (iii) 
and some cases of Claims (iv) and (v) follow from results on harmonic polynomi- 
als that are invariant by the action of the automorphism group of the lattice, as 
explained above f |GoeSei81l Thm. 3.2]; |GoeSei79l Examples 7.6 and 7.7]). 

Theorem A. 

(i) All shells of the Leech lattice are spherical liy2-designs. 

(a) All shells of the shorter Leech lattice and of its shadow are spherical 7-designs. 

(iii) All shells of the Korkine-Zolotareff lattice are spherical l'^/2-designs. 

(iv) The following special shells of selfdual lattices of rank at most 24 and of their 
shadows are spherical 5-designs: 

(Z^)m for m — 2a, 

(Z^)^ form^ A''{8b + 3), a,b^O, 

{Sh{Z^^))^ for m = 4:0 + 2, a ^1, 
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(4A5)+,(5D4)+ form = 4^a^0, 
(2D8)+ for m = 4a + 2, a ^ 1. 

(v) All shells of the following lattices and of their shadows are spherical 3-designs: 
the cubic lattices Z", the Witt lattices r„, all selfdual lattices of rank at 
most 24, of minimum 2, and with strongly eutactic root system (see Defini- 
tion \2m that includes all selfdual lattices of minimum 2 with long shadow and 
all even selfdual lattices of rank at most 2A). Moreover some other selfdual 
lattices of rank at most 24 have some shells which are spherical 3-designs. 

Our approach provides a setting for numerical computations; so we have checked 
that no sheU of norm at most 1200 of selfdual lattices up to rank 24 or of theirs 
shadows is a spherical t-design for larger values of t than those indicated in the 
theorem. 

See Theorems 123 EHl EH EniEHl and ESI for details. 
Let 

m ^ 1 m ^ 1 

be the generating series of the Ramanujan numbers r(m). It is a famous conjecture 
of Lehmer that T(m) is never zero, and it has been verified for m ^ 10^^ |Serr85l 
§ 3.3]. The following Proposition gives a reformulation of that conjecture in terms 
of spherical design strengths of shells of the Korkine-Zolotareff lattice and of the 
even selfdual lattices of rank 16. It is Proposition in our article. 

Proposition B. For m ^ 1, the following are equivalent: 

(a) T(m) = 0; 

(b) the shell of norm 2m of the Korkine-Zolotareff lattice is an 8-design (and 
therefore an 11-design); 

(c) the shell of norm 2m of any even selfdual lattice A of rank 16, is a 4-design 
(and therefore a 7-design); 

[Note that, for example, in Condition (c) above, the shells of A are not only 

3- designs, but also 3y2-designs (see Definition |21l ; therefore, if a shell of A is a 

4- design, then it is a 7-design.] 

Here are other similar equivalences between spherical design strengths of shells 
of lattices and vanishing Fourier coefficients of modular forms. (The definitions of 
the series Ag, 02, 6*3, and O4 appear in Sectional) 

Proposition C. Consider any of the following choice of a selfdual lattice A, a 
positive integer t, and a series &(z) = X]m>i ^mO^ where q — e"^ . 

- A = Z" the cubic lattice of rank n > 2, t = 3, 9 = Ag (Section^; 

- A = r„ the Witt lattice of rank n ^ 12, n = mod 4, t = 3, 9 = 6'|6'|0| x 
[-9'^-^ + 9'^-^ - e'l'^) (Section^; 

- A the Korkine-Zolotareff lattice, of rank 8, t — 7, Q — A24 fSection \Tl\) : 

- A an even selfdual lattice of rank 16, t — 3, Q — A24 ("Section [71)) : 

- A one of the 23 Niemeier lattice, of rank 24, t = 3, 9 = Q A24 fSection \ll\l : 

- A the Leech lattice, i = 11, 9 = A24 (Section EP; 
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- A one of the 12 odd selfdual lattices with long shadow and of minimum 2 
(with rank n = 12 or U ^ n ^ 22), t = 3, Q = Aj 0^'^ (Section\l3); 

- A the shorter Leech lattice, of rank 23, t = 7, 9 = A| fSection U^ . 

Then, for each m ^ 1, the shell of A of norm m is a spherical t-design; moreover it 
is not a spherical [t + l)-design if and only if am 7^ 0. 

It is therefore interesting to look for vanishing coefRcients of the series mentioned 
above. For example, we ask the following questions: 

(1) Consider the series 

m^2 i+j=m 

where t(z) is the zth Ramanujan number. Is it true that am ^ for every 
TO > 2 ? 

(2) Consider the series 

Is it true that ^ for every positive integer to not of the form 4" (86 + 3), 
a,5 ^ ? 

(There are similar questions for the other forms mentioned in Proposition C.) 
We have checked numerically that the answers are positive for m ^ 1200. 

In Sections to [SJ we recall standard material on spherical designs, selfdual 
lattices, theta series, and modular forms. Section gives the form of the theta 
series of selfdual lattices; this is the centre of our analysis. Some indices of vanishing 
Fourier coefficients for modular forms are given in SectionQ In Section|Hl we analyse 
the spherical design strengths of root systems of norm 2. Sections 1^ to 1141 contain 
the results on the strength of shells of some selfdual lattices, namely the two infinite 
series of cubic and Witt lattices, and all selfdual lattices of rank at most 24. Finally, 
an appendix contains an alternative proof not using modular forms of the fact that 
appropriate shells of and 77 are spherical 5-designs. 
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A General theory 
1 Spherical designs 

Let n ^ 2 be an integer, and let to be a positive real number; we denote by 

§;r' := e IR" \{x\x)=fn} 

the sphere of square radius to, and by a the probability measure on §"j^^ invariant 
under the action of the orthogonal group 0(n). A spherical design of strength t, or 
a t-spherical design, is a nonempty finite subset X C SJ^"^ such that 



for every polynomial form P on M" of degree at most t |DeGoSe77| . 

We denote by n'-J\«") the set of homo geneous polynomial forms on M" of 
degree j that are harmonic. It is classical that X is a spherical t-design if and only 
if the condition 

x<£X 

holds for every integer j such that 1 ^ j ^ t. It is indeed an immediate consequence 
of the decomposition 

where 'p(*)(M") is the space of homogeneous polynomial forms on K" of degree t, 
and u{x) := {x \ x); see |Vile68l §IX.2] and [MartVOli Chap. 1, §§2, 3]. 

In this article, we study spherical designs which are shells of selfdual lattices or of 
their shadows. These designs are antipodal sets, that is sets X satisfying —X — X; 
in this case. Condition (Cj) is automatically fulfilled for j odd. Therefore we use 
the following reformulation for antipodal sets: 

1. Definition. A nonempty finite antipodal subset X C S^~^ is a spherical 
(2s + I) -design (or, equivalently, a spherical 2s-design) if the condition 

(C2j) ^(^) = ^^''^ (^") 

holds for every even integer 2j such that 2 ^ 2j ^ 2s. 

Some antipodal spherical (2s + l)-designs, although not satisfying Condition 
(C2S+2), do verify Condition (C2s+4)- Therefore, we define .Venk84 : 

2. Definition. A nonempty finite antipodal subset X C S^~^ is a spherical 
(2s + 1 + \)-design if it verifies condition {C^j) for 2 < 2 j ^ 2s and 2j = 2s + 4. 

2 Selfdual lattices and shadows 

For a subset A C M" and a positive real number to > 0, the shell (or layer) of 
norm to of A is 

A^ -.^ {x C K \ {x \ x) ^ m) = Ar\ E^-^ . 

A lattice of rank n is a discrete Z-submodule of M" which spans M" as E-module. 
Two lattices are equivalent if there exists an orthogonal linear transformation which 
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sends one lattice onto the other; we often consider two equivalent lattices as being 
the same lattice. We define the minimum (or the minimal norm) of A as 

min(A) := min{r7i > | A™ ^ 0}. 

The dual of a lattice A is the lattice 

A« {y e M" I (y I x) e Z Vx e A}. 

The lattice A is called integral if A C A', that is if | y) e Z for all x^y £ A. 
An integral lattice A is called even if {x \ x) £ 2Z for all a; G A; it is called odd 
otherwise. An integral lattice is called selfdual (or unimodular) if = A. 

For y4 C and B C R'' we set A © B := {{x, y) S \ x £ A, y £ B}. It is 

easily checked that any integral lattice A of rank n is of the form 

A~ZP®L, 

where L is an integral lattice of rank N ^ 7i — p and of minimum at least 2, and 
where 

ZP := {{xi,...,Xp) \x,£Z}CW 
is the cubic lattice of rank p. Note that L is selfdual if and only if A is selfdual. 

The shadow Sh{A) of a selfdual lattice A is defined as follows: If A is even, we 
set Sh{A) := A. Otherwise let 

Aq := {x e A I (a; I x) EE mod 2}, 

which is an even sublattice of A of index 2; therefore A is a sublattice of Aq of 
index 2. We set 

Sh{A) aI \ A. 

An alternative description of the shadow is Sh{A) = {x/2 | x is a characteristic 
vector of A}, where a characteristic vector (or parity vector) of A is a vector x £ A 
such that {x \ y) = {y \ y) mod 2 for all y £ A. 
For a selfdual lattice A, we define: 

cr(A) := 4min{(x \ x) \ x £ Sh{A)}, 

which is a nonnegative integer. (It is the minimal norm of the characteristic vectors 
of A.) We have cr(A) = if and only if A is even. 

It is easily checked that, if A' and A" are selfdual lattices, then A' ® A" is a 
selfdual lattice, and 

Sh{A' A") = Sh{A') ® Sh{A"), 
a(A'eA") =a(A')+a(A"). 

The following facts are well-known; a proof using modular forms appears at the 
end of Section O 

3. Proposition. Let A C K" be a selfdual lattice. Then 
(i) for every x £ Sh{A), we have 4(x | x) = n mod 8; 

(n) there exists a nonnegative integer k such shat cr(A) — n — 8k. In particular, 
if A is even, then n = mod 8; 

(Hi) we have cr(A) — n if and only if A ~ Z", 

The characterisation of Z" given in Claim (iii) is due to Elkies jElki95a| . 

Note that, in the decomposition A ~ Z^ © i, if ct(A) = n — 8k, then a{L) = 
N — 8k, where n is the rank of A, and N is the rank of L. 

The list of selfdual lattices of rank at most 24 can be found in jConSIoQQI Chap. 
16 and 17] and |Bach97| . 
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3 Theta series 



Let us now introduce the tools for analysing the spherical design strengths of shells 
of selfdual lattices. Let 

H := {z G C I 9z > 0} 

be the Poincare half-plane. Recall that a holomorphic function / : H ^ C is bounded 
at infinity if there exists r > such that {/(z) | 3z > r} is bounded. 

4. Lemma - Definition. Let A be a nonempty subset of M" for which there exists 
S > such that \x — y\ ^ 5 for all distinct x,y G A. Let P be a polynomial form 
on R". Then the series 

converges absolutely to a function on H that is holomorphic and bounded at infinity. 
It is the theta series of A weighted by P. 

Let us assume moreover that there exists a real number a > such that 
a{x \ x) g2Z for every x G A. Then we have 

Qa,p{z + a) = 0A,p(^), Vz e H. 

Proof. The condition on the distance of two distinct points of A implies that there 
exist a constant C > such that for every r > the set 

{x G A \ r ^ {x \ x) + 1} 

contains at most Cr"~^ points; the absolute convergence of 6a, p follows. The 
second claim of the lemma is straightforward. □ 

Remarks. 

(i) For a holomorphic function F -.M ^ C verifying F{z + a) = F{z) for all z € HI 
and for some a > 0, the condition to be bounded at infinity is equivalent to 
the condition that there exists a Fourier expansion of the form 

F{z)= J2 a-e-^" 

me2a-iN 

which converges for 3z sufficiently large. (We use N = {0, 1,2,.. .}.) In this 

case, F is said to be holomorphic at infinity. 

(ii) For a real number m and if z e H is understood, we write 

Thus the theta series of A weigted by P can be written 
eA.pW = E^(^)9^'''^ = E where aL^) := ^ P(x). 

(iii) The classical theta series of A is 

Qa ■.= Qa,i = Y. l^-k"- 
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(iv) Let j4 C R° and B C M^, and let P, respectively Q, be polynomial forms on 
R'", respectively R''. Then 

©Aes, PQ = Qa,p 6s,q- 
Now we reformulate the condition of being a spherical design using theta series. 

5. Lemma. Let A be a nonempty subset of M" such that there exist S > verifying 
\x ~ y\ ^6 for all distinct x,y G A. Then, for m > 0, the shell Am is a spherical 
t-design or is empty if and only if 

a(^) for every P e n^^^\W), 1 ^ 2j s: t, 

(P) 

where the Fourier coefficients of the theta series 

in 

Proof. This follows directly from the definitions. Note that the Fourier coefficients 
a^jf^ are retrieved from Qa,p by the formula 

-R^oo ZJx J — Ji 

valid for any j/o > 0. □ 
4 Modular forms 

The interest of theta series of lattices is that they have the following property, which 
will help to compute them, at least if the lattice is selfdual. This proposition is a 
direct consequence of the Poisson Summation Formula; see for example |Ebel94l 
Prop. 3.1, p. 87]. 

6. Proposition. Let A C K" be a lattice, and let P : M" ^ C be a harmonic 
polynomial of degree 2j. Then 

eA„,p(z) = (detA)i/2(_i)i(,/;,)«/2+2.7e^^^(_i/^). 

(For the power ofi/z, we use the principal branch; observe that —n/2 ^ arg(z/z) ^ 
7r/2 for z G M.) 

In the case of selfdual lattices, the latter formula gives a relation between 0a, p (2) 
and 8a.p(— 1/2:). To be more precise, let us give the following definitions. Recall 
that N = {0,1,2,...}. 

7. Definition. 

(i) Let A G {1,2}, uj G ^N, and e G {+,—}. A modular form of signature (A,w,e) 
is a holomorphic and holomorphic at infinity function / : EI ^ C that verifies 

/(z + A) = /(z), 
/(-l/z) = e(zAr/(z), 

for all z G H. The number oj is the weight of the form. We denote by Ai^''^ the 
vector space of modular forms of signature (A, w, e); note that Mlj'^ C Ai^'^. 
We set: 

we(i/2)N 

Observe that M'^ and M^'^ are algebras, graded by the weight. 
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(ii) A modular form / is parabolic if 

lim f{z) = 0. 

— *+oo 

Nonzero modular forms of signature {l,uj,e) exist only for weights u; € 4N if 
e = +, and for weights io E 4N + 2 if e = — . Indeed, let S* : z i— > and 
T : z + 1. We have STSTST = idn, therefore f{STSTSTz) ^ f{z) for every 
z e H. On the other hand, it is straightforward to check that, for / G Mlj'^, 

f{STSTSTz) = ei'^f{z), 

where i must be taken with argument tt/2. Thus ee*'^'^/^ = 1 if / 7^ 0. 

Nonzero modular forms of signature {2,uj,e) exist for every weig 
for example, according to Proposition |S1 below, ^3 — Qz^ is a modular form of 
parameters (l,n/2,+). 

Modular forms of signature (1, uj, e), are the classical modular forms for SL(2, Z). 
Modular forms of signature {2,lu, e) are modular forms for the subgroup of index 3 
in SL(2, Z) whose elements are the matrices that reduce to ( J ) or ( 5 J ) modulo 2 
(sometimes noted G{2) or ry(2)). 

Proposition 1^1 implies immediately: 

8. Proposition. Let A C R" be a selfdual lattice, and let P e T^^^j'^M"). Then 
Qa.p e ' if 2j = mod 4, 



Qa.p e 'V2+2, 2j = 2 mod 4. 



If moreover A is even, tiien 

Qa^p e if 2j = mod 4, 

eA,P e Ml;-^^^^ if 2j = 2 mod 4. 

JVforeover, if 2j > then 6a, p is parabolic. 

Let us now look at theta series of shadows of selfdual lattices. 

9. Definition. Let / e M'^''^. The shadow of / is the function Shf : H ^ C 
defined by 

Shfiz) := (*/zr/(-l/z + l). 

10. Proposition. Let A be a selfdual lattice, and let P e Then 

05/i(A),p = {-^yShQA.p- 

Proof. If A is even, this follows immediatly from Sh(A) — A and from Proposition|Hl 
If A is odd, we observe that 

2&Ao.p{z) = eA,p{z) + Qa^p{z + 1), 

where Aq is the even sublattice of A, of index 2. Then we apply Proposition to 
Ao and A to obtain, for P e H^'^^HW^), 

05ft(A),P = Qa«,p(^) ^ Qa,p(^) 

= 2(-i)^(j/z)"/2+2^eAo,p(-i/z) - i-iyii/zr^'+'^QAA-^/z) 
= i-iyshQA^piz). □ 
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5 A theorem of classification for modular forms 



In order to use Proposition |S1 we need a description of the vector spaces M^''^ 
defined in the previous section. There are very nice resuhs of classification that we 
recall in this section. 

Before giving examples of modular forms, it is convenient (although not es- 
sential) to formulate a definition of the weight which applies to a larger class of 
functions than modular forms: 

11. Definition. Let e M. Let / and g be two meromorphic functions on M. 
Assume that there exist a and /3 > such that 

f{z + a)^J{z), 
g{z + (3) = g{z), 
f{~l/z) = (z/trgiz), 

for all z G M.. (Note that the last condition is symmetric in / and g.) We say that 
/ and g are of weight to. 

When / is a modular form of signature {X,Lu,e) (Definition O , the assumptions 
of the Definition above are verified for a = /3 = A and g = ef, and so / is of 
weight uj as expected. However, some functions on EI that are holomorphic and 
holomorphic at infinity, although not being modular forms, do have a weight in the 
sense of Definition ITTI For example, we have 04(— 1/z) ~ {z/iy/'^92{z), where 9^ 
and 62 are the two periodic functions in z defined below. Therefore 62 and 64 are 
both of weight 1/2; but they are not modular forms. 

It is easily checked that the algebra of meromorphic functions / on H satisfying 
the assumptions of Definition 1111 with some meromorphic function g and some 
rational positive numbers a and (3 is an algebra graded by the weight. 

We give here a list of functions that have a weight in the sense of the Defini- 
tion El Recall that we write e*^^™. 



92{z) ^ 

meZ+1/2 



Uz) 



E 



0{q')) 



of weight 1/2, 
of weight 1/2, 
of weight 1/2, 



62 + 6\ 
9t{z) - 



9|(z) = 1 - 24g + 2V - 96g^ + 0{<t 



As(z) = ±-e\{z) el{z) = q-8q^ + 28g3 + 0{q^) 
lb 

Q(z) = 0l{z) - 16A8(z) = 1 + 240(?2 + 21609"* + 0{q^) 
R(z) = Hz){eliz) + 8A8(z)) = 1 - 50V + 0(g4) 
A2i{z) = el{z) Ajiz) = g2 „ 2V + 252(?6 + 0(^8) 



of weight 2, 
of weight 4, 

of weight 4, 
of weight 6, 
of weight 12. 



The coefficients of the latter form 



m)q 



2m 
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are the celebrated Ramanujan numbers. All the functions listed above can be 
expressed in terms of the Jacobi theta function 

indeed, we have 

e2{z) = e'^'^%{nz/2\z), 03{z) = 0s{O \ z), O^iz) ^ 63(^/2 \ z). 

Let Ai be the algebra generated by 62, 0^ and 64. It is an algebra graded by 
the weight, where the weight ranges over the set of nonnegative half-integer. The 
elements of weight zero are the constants. 

The definition of the shadow of a modular form (Definition ^ carries over to 
functions having a weight in the sense of Definition ^] and provides an endomor- 
phism of the graded algebra A4 . We give here shadows of some functions in Ai . 

Sh02 = Vi9i, ShOi^Os, ShO^ ^ 62, 

ShAs{z)^-^ + q^-lq^ + 0{q^), 
16 

Sh^{z) = 2 + 48g2 + 48g* + 0{q^), 

ShQ = Q, ShR = -R, Sh A24, = A24. 

These formulae (and many other useful identities) can be found in jConSloQOl 
Chap. 4, §4.1]. 

All modular forms of signature (l,cj,±) or (2,(jj,±) are elements of Ai. More 
precisely: 

12. Theorem. 

M^^+ = C[93,As], M^'+ = C[Q,A2i], 

For a proof of this deep result, see |R,ank77j . Section 6.1 for Ai-^'^, and Sec- 
tion 7.1 for A^^'='=. The notation of jR,ank77j are: 

{r(l), w} for MIj+ when w e 4N, and for TWi" when w e 4N + 2; 

{Tvi2),uj,V2u.} for Aiy, to e ^N, and 

{Tvi2),u;,v*^JhrMlj-,Loe^N. 
Moreover modular forms are called there integral modular forms. 

Here is a first application of this theorem: 

Proof of Proposition\^ For brevity, we write Oa, Ag, etc. instead of 0a (z), A8(z), 
etc. By Theorem 1121 and Proposition |S1 for A a selfdual lattice, the theta series 

Oa = 1+ 51 lAmk" 

is a polynomial in 9^ and Ag and is of weight n/2; therefore it is of the form 

Qa = ^3 + Cl^r'As + ■ ■ • + Cfe^r'^Ag = 1 + |Ai| q + IA2I q^ + -- - , 

with Cfc 7^ 0. (There is no coefficient in front of 9^, because the series expansion 
in q begins with 1 + • • • .) By Proposition^! the theta series of the shadow is then 

Qsh(A) = J2 \SHA)rn\q"' = She A 

in 

= 9'i + ci9'^-^ShAs + ■■■ + Ck92^'^^ShAl 

= dig("-8fc)/4 ^ d2q^n-8k+8)/i ^ . . . ^ 
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where di = (-l/16)'=2"-8'=Cfe ^ 0. So, 57i(A)„ 7^ implies 4m = n mod 8, and we 
have cr(A) n— 8fc. In particular, if A is even, we have (t(A) = = n — n, therefore 
n is a multiple of 8. 

Finally, it follows from the decomposition A ~ © L, with L a selfdual lattice 
of minimum at least 2, that |Ai| — 2p ^ 2n with equality if and only if A ~ Z". 
On the other hand, if cr(A) — n then 0a = ^3 = 1 + 2nq + 0{q^), and therefore 
I All = 2n. Thus cr(A) = n implies A ~ Z". □ 

Remark. Let a; > be a multiple of 4. From Theorem 1121 we have dimAl^'+ = 
TO + 1, where m = [a;/12], and there exists a unique e J^t]^ such that 

e^(g) = 1 + a2™+2g'"+' + 0(g2'"+4). 

Moreover, it is known that 02^+2 > 0. Such a theta series is called extremal^ and 
an even selfdual lattice A of rank 2uj with 0a — Qui is called extremal (or, more 
precisely, extremal of level 1 ) . 

The method used in our paper also apply to extremal lattices: see |Venk84| 
and IVenMarOTI §16]. See also [BacVenOf], where the case of non-selfdual extremal 
lattices is also treated. 

See |SchSch99| for more informations on extremal lattices. 

6 Computing the theta series of a selfdual lattice 

We can now give more precisely the general form of the theta series of a selfdual 
lattice. 

13. Proposition. Let A C M" be a selfdual lattice with a{A) = n — 8k. Let us 
write 

A = ZP©L, LCM^, 
where L is of minimum at least 2. Then there exist Ci € Z such that 
Oa = 9^ + ciAse^-"" + C2A|^^J-l6 ^ . . . ^ CfcA^-fJ^sfc^ 

Some values of Ci are: 

Cl = -2A^ 

C2^{h-AQ + 2N)N, where h:^\L2\/N 

Cfc = (-l)^-2-"+12'=|5;i(A)(„_8fc)/4|. 

Proof. As in the proof of Proposition|21given at the end of the previous Section, we 
can write 

oa = + ci^r'Ag + • • • + cfc(?r«^-A^-, 

with Ci G K and Ck 7^ 0, and k is given by cr(A) = n — 8k. The first coefficients of 
the Fourier expansion in g = e^'^^ are 

Ga = (1 + 2<7 + 2(7^ + •••)" + ci(l + 2q + •• • y'-^{q -8q^ + ---) 

+ C2(l + ---)""''(9 + ---)' + --- 
= {1 + 2nq + 2n{n ^ l)q^ + ■ ■ ■) + ci (g + (2n - 24)g2 + . . . ) + C2q^ + . . . 

= 1 + (2n + ci)q + {2n{n - 1) + (2n - 24)ci + 02)5^ H . 
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In particular, we have |Ai| = 2n + ci. Since |Ai| = 2p = 2{n — N), we have 
ci = —2N. The second coefBcient is then 

IA2I = 2n{n - 1) + (2n - 24)ci + C2 

= 2(p + iV)(p + TV - 1) - {2p + 2N - 24)2iV + ca 
= 2p{p - 1) + (46 - 2N)N + C2. 

Since IA2I = 2p{p - 1) + |i2|, this gives C2 = (/i - 46 + 2iV)iV where /i = IL2I /A^. 
By induction on i, it is clear that ci is integral. 
Now, the theta series of the shadow is 

OsHA) = ShOA - CkOr^^ShAl + ■■■ + ci^r'^/iAs + 0^ 
= Cfe(2gi/2 + ...)"-«'=(_i/i6+. ..)'= + ... 

= Cfe2"-«'=(-l)'=2-4'=g("-^'=)/4 + • • • 
= (_l)fc2"-i2fc^^^(«-8fe)/4^... . 

this shows that |5/i(A)(„_8fc)/4| = (-l)'=2"-i2fc^^^ □ 

14. Proposition. Let A C R" be a selfdual lattice with ct(A) = n ~ 8k and of 
minimum m. 

(i) For every even positive integer j, there exist Unear forms Ci : 7i'^^-''(M") C 
such that 

k+j/2 

eA,P = J2 A^80^+^^"'\ VP e 7^(2j)(]gn)^ 

z— m 

In particular, ifm>k + j/2, then Ga^p = for every P e n'''^^\W^). 

(a) For every odd positive integer j, there exist linear forms Ci : 7i(^^'(R") C 
such that 

fc+0-l)/2 

eA,p= c,(p)$A^0^+^^-'-*\ VP G 

i—m 

In particular, ifm> k+ {j - l)/2, then Ga^p = for every P e 

Proof. We prove only Claim (i), since the proof of Claim (ii) is similar. 

Let j be an even positive integer. By Proposition |S1 for each P S Ti'^^-'^ (R"), 
0A,p is a parabolic form of weight n/2 + 2j. By Theorem 1121 it is of the form 

QK^P = Y.c,{p)i^,er''-''. 

Since Oa,p is linear in P, the coefficients Ci are also linear in P. 

Let us now suppose that ^ for some index i, and let a [respectively h] be 
the smallest [respectively the largest] index i such that ^ 0. It remains to prove 
that a ^ m and b ^ k + j /2. We have 

^Ca{P)q^ + --- , 

hence Ca{P) = X^^^ga ^(^) different of zero for some P G 7i'^^^^(R"). So, m ^ a. 
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Now, the theta series of the shadow is 

QshiA),p = ShOA^p = ct{P) 9'^+^' -'"Sh Al + ■■■ 

= 2"+4j-8''(-l/16)''cfc(P)q("+4^-«')/'l + • • • , 

hence 2-+^^-^'>{-l/16)%{P) = E.e5MA)(„+«-s.)/4 ^(^) different of zero for 
some P e n^'^3'>{M."). So, cr(A) = n - 8fc < n + 4j - 86, and therefore 6 < fc + 

j72. □ 

We give now similar statements for even selfdual lattices. (The two propositions 
above are naturaUy true also for these lattices; though less precise.) We do not 
give the proofs, since the arguments are essentially the same as for the equivalent 
statements for general selfdual lattices. 

15. Proposition. Let A C R" be an even selfdual lattice of rank n — 8N. Then 
there exist Ci Z, such that 

with 

c\ = n(h — 30), where h :— IA2I /n. 

16. Proposition. Let A C K" be an even selfdual lattice of of rank n — 8N and 
of minimum m = 2M . 

(i) For every even positive integer j, there exist linear forms Ci : Ti^"^^^ (W^) C 
such that 

[(7V+j72)/3] 

In particular, if3M > N + j/2, then Oa.p = for every P e H^'^^HW") . 

(a) For every odd positive integer j, there exist linear forms Ci : Ti^^^^R"-) C 
sucii that 

[{N+j/2)/3] 

J21 particular, ifSM > N + {j - 3)/2, then Oa.p = for every P e H^^j) (R"). 
7 Zero coefficients of modular forms 

From LemmaEl in order to find spherical design strengths of the shells of a lattice, 
we have to look for vanishing coefficients of Oa.p for P harmonic homogeneous 
polynomials of different degrees. We give here the results concerning vanishing 
coefficients of modular forms of the form ^'^^g Ag , since we will meet them several 
times later. Recall that N = {0, 1,2,.. .}. 

17. Lemma. Among the coefhcients of the modular forms 

<^'0^AI= J2 and Sh{^'0^A§)^ ^ a^g", 

mea+N mea /4+2N 

where ee{0,l},a>0,/3^0, the following are equal to zero: 
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(a) {eiAsf ■■ 


7 1 JO 

m — k — I mod 2, 


C*L ///lie A \k\ 


: m — 2 mod 4; 


(b) 03 ■■ 






m^{a^ + 62)/. 


Sh{03) : 


m ^ 0^/4, 


n3 . 
"3 ■ 


m = 4''(85 + 7) 


^3 •■ 






m = 1; 


(c) 03As : 


m = 4°(86 + 5), 




m = 4°(86 + 7) 


0lAs : 




$6li6A8 : 


m = 4°2, 


Sh{0lAs) : 




^M^^i^As) ; 


4''2, 




m = 4"(8o + 7), 


5/i($6l;^"A8) : 


m = 24, 




m = 4°(86 + 3); 






(d) 0IAI : 


m = 4°(86+ 1), 




m = 3, 


01^ Al : 


m = 4°, 


$0fAi ; 


TO = 4, 


<^0lAl : 


m = 4°, 




TO = 49/4, 


Shi<^0lAl) : 


m = 4''; 






(e) 0tAl : 


m = 4''2, 


SH^0rAl) : 


TO = 2°, 




m = 2". 







Remark. We have checked numerically that, for modular forms of the Lemma with 
/3 ^ 3 and a ^ 36, there is no other zero coefficient am for m ^ 1200. 

Sketch of the proof. Let 0{z) be one of the series of the Lemma. 

If e(z) is of the form ^'0^A^ or of the form Sh{<i>' 0p A^) , we can express e(z) 
as a polynomial function of 6'3(z) and 04{z). If 0(z) is of the form 57i($^6'f Ag ), with 
a an integer which is not a multiple of 4, we can express 0(4z) as a polynomial 
function of 03{z) and 6*4 (z), by using the formulae of j(^onSlo99l Chap. 4, §4.1, 
p. 104]. In the sequel of the proof, we suppose that we are in the first case; the 
second case is treated in a similar way, replacing Q{z) by Q{Az). 

Let be w := e*''/'*. For c an integer between and 7, we define 



^ V 4 

fc=0 



1 ' 



8 ^ 

fc=0 m^O 
1 ^ ^ 

= 8 ^ ^ 2^ a„e 

fc=0 J=0 m^O 

m=j mod 8 

7 7 

^ v m=j mod 8 

if J ^ c 

1 if j = c 

m^O 
m=c mod 8 



Therefore, whenever &c{z) = 0, we have a„i = for m — c mod 8. Using the 
identities given in |(^onSlo99l Chap. 4, §4.1, p. 104], we can express 

Ociz) ^ 02{zf F{03{z),04{z)), 0«Cd<3, d=cmod8, 
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where _F is a polynomial; so we can check whether Qc{z) = 0. (A computer software 
like Maple is highly recommended for performing these calculations.) 
We have 



ecvcn(^) := i(e(z) + e(z + i)) = ^ a„ 

?n=0 mod 2 

eoddW:-i(e(z)-e(z + i)) = ^ 



m— 1 mod 2 

7n^0 mod 2 m~l mod 2 

and Gcvcn, ©odd, ©0 Siiid O4 can be expressed in function of ^3 and 64. If Ocvcn — 
[respectively 0odd — 0], then a„i for m even [resp. odd]. If 6ovcn [respectively 
©odd] is a multiple of Oq [resp. ©4], we have a relation between a„j and for 
TO even [resp. odd], which allows to decide whenever a4k^ = 0. 

These considerations suffice for most of the theta series mentioned in the Lemma. 
For 6'|A8 [resp. iS/i(6'| Ag)], we use Lemma EH below to show that = whenever 
the shell of [resp. 5/i(Z^)] of norm to is empty. □ 

The following lemma provides another method to show that certain coefficients 
of modular forms are nonzero. 

18. Lemma. Let tp'^^^ and ^ be two formal series in q with integral coefficients such 
that 

i> ^bo + biq + ^b.jq\ 60, 61 > 1, 6j > 0, 

J>2 



and let 



Then the sequence Mn, n ^ defined by 

Mn := max{m G N | a^"^ > 0, A: ^ j ^ to} 
is nondecreasing and unbounded. 

Proof. We have Mq ^ fc. For every n ^ 0, we have = (^("^-0; thus, for 

Consequently, M„+i ^ M„. Moreover, for M = M„, we have 

Consequently, a^"^i'' 5^ Q^m+i + li since all coefficients are integers. Similarly, 

Jn+h) (n+h-l) (n) , l 

Therefore, for h large enough, we have a^"^^-* > 0, and then M„+;, ^ Af„ + 1. That 
shows that the sequence M„ is unbounded. □ 
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8 Root systems of norm 2 



For analysing selfdual lattices of rank at most 24, we need some informations on 
the first shells of a selfdual lattice A. The decomposition A = ® i gives us the 
exact form of the shell Ai; we give now the form of A2. 

Let us first recall that a root system is a subset R C M" such that 

(i) R is finite and does not contain 0; 

(ii) for every x,y (E R, we have Ty{x) G R, where rj^ is the refiection of axis My; 

(iii) for every x,y R, the number 2{x \ y)/{x \ x) is an integer. 

Warning. In the usual definition, it is required that R span R" as a vector 
space. Here, we leave out this condition in order to simplify the formulation of our 
results; in particular, we consider the empty set in M" as a root system. 

19. Lemma - Definition. Let A be an integral lattice. Then A2 is a root system, 
called the root system of A. 

Proof. For x and y G A2, we have Ty(x) — x ^ {x \ y)y. Therefore, since {x \ y) is 
an integer, we have ry{x) £ A2. Moreover, 2{x \ y)/{x \ x) = {x \ y) is clearly an 
integer. □ 

If A is a selfdual lattice of minimum at least 2 and of root system R, we write 
sometimes A = i?"*". (It happens that this notation is unambiguous up to rank 23, 
that is there is at most one selfdual lattice of minimum at least 2 whose root system 
is a given root system in R", n ^ 23.) 

Let us now recall some classical facts on root systems. If i? C Rp and S' C R? 
are root systems, their orthogonal union is the root system in Rp+' defined by 

R + S -.^{R® {0}) U ({0} ® S") C RP © R9. 

We write k R for R + ■ ■ ■ + R, k terms. A root system is called irreducible if it 
is not an orthogonal union of smaller root systems. Clearly, any root system can 
be written uniquely (up to permutation of the terms) as an orthogonal union of 
irreducible root systems. Note that a nonempty irreducible root system always 
spans its ambient space. The only empty irreducible root system is of dimension 1, 
and is noted Oi. 

An important number for an irreducible root system R is its Coxeter number, 
which is the integer h satisfying the relation 

\R\ = nh. 

If R is empty, we have h — 0. 

The list of irreducible root systems is well known. We give here the list of those 
of norm 2, that is those root systems R that verify {x \ x) — 2 for every x £ R 
(they are also called simply laced root systems by some authors). In the notation, 
the index indicates the dimension of the space where the root system lies. 

Oi, h^O; Eg, h = 12; 

An,n^l, h = n + l; E7, h = 18; 

T>„,n^A, h = 2{n-l); Eg, h = 30. 

We denote by 0„ := nOi the empty root system in R". 

The following definition, justified by the next lemma, is inspired by the corre- 
sponding notion for lattices (see |MartVflIl pp. 28ff]). 
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20. Definition. A root system R is called strongly eutactic if, in its decomposi- 
tion in irreducible root systems, all irreducible components have the same Coxeter 
number. In this case, we define the Coxeter number of R as the Coxeter number of 
any of its irreducible components. 

A nonempty strongly eutactic root system spans its ambiant space. Note that 
the equality \R\ = nh holds for strongly eutactic root systems. 

21. Lemma. Let R be a root system of norm 2 that is a spherical 3-design. Then 
R is strongly eutactic. 

The converse is true also: see ProDOsitionl23li. 

Proof. Let us write a root system R C R" as 

R = Ri + Ra + ■ ■ ■ + Rk ) 

where the RiS are irreducible. Let Vi be the subspace of where Ri lies (thus 
M" = © ® • • ■ © Vfe ) , and let ni = dim . Any point x G R" , is written uniquely 
as 

X = Xi+ X2^ hXfe, Xi^Vi. 

Let us consider the harmonic polynomials of degree 2 defined by 
We have 

So, if i? is a spherical 3-design, we must have X^^efl /^-j (^) = ^^'^ therefore 
hi = hj\ in other words, R is strongly eutactic. □ 

We recall now the notion of reproducing kernel, which will help us to analyse 
strongly eutactic root systems: 

Let 7i be a complex (or a real) finite-dimensional Hilbert space of functions 
on a nonempty set f2. We use the convention that hermitian scalar products are 
antilinear in the first variable. There exists a unique function (f> : x il — s- C, called 
reproducing kernel, such that $(a;, ■) G H for all x G fl, and 

f{x)^mx,-)\f), \/fen,\fxen. 



This kernel verifies ^{y,x) = ^{x,y). It is of positive type; that is, for any finitely 
supported function ^ C, y i-^ Aj,, 

X^^^yHx, y) ^ 0. 

Moreover, the set {^{x, ■) \ x G fl} generates H. For all this, see for example 
|BekHar02| . 

The positivity of $ implies the following result: 
22. Lemma. Let fl ^ C, y 1-^ Xy be a hnitely supported function. Then 

J2^>^y *(^' y) = i'-f and only if ^ Xy f{y) = 0, V/ e H. 
a, yen yen 
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Proof. Let ft' be the vector space of finitely supported functions on fl. We define a 
hermitian form h on fl' by: 

For X G il, let dx € ^' denote the function on fl that takes value 1 at a; and value 
elsewhere. Let fig be the set of A e fi' such that \ X) = for every /x G il'. Then 
A G JIq if and only if h{6x, A) = for all x E X, ii and only if 

^ Ay$(a;,y) = 0, Vxen. 
yen 

But since •) | x E il} generates H, the last condition is equivalent to 

^A,/(2/) = 0, V/eH. 
yen 

Now, the positivity of $ implies that 

h{X, A) = if and only if A e fig. 
This is exactly what is claimed by the Lemma. □ 
Let us now consider the following special case: 

if I .9) = / 7M.9(u)da(^.), f,gE ^(^"^(M"), 

where a is the probability measure on §"~^ invariant by rotation. Let <i>''-'^ be the 
corresponding reproducing kernel. It is known that 

(*) <i>«(a;,y) = Q(^)((x|y)) Va:,y 

where Q'^'(i) is an appropriate Gegenbauer polynomials, with the normalisation 
QW)(1) = dim(7^(j)(R")); see |De(JoSe77| and , Vile68. §IX.3]. We have, for exam- 
ple, 

Q(") (t) = 1, Q(i) (t) - nt, Q(2) it) ^ !i±^ {nt^ - l) , 

Q(4) (t) ^ !!(!L±^ + 2)(n + 4)i4 _ 6(n + 2)t + s) . 
We can now prove: 

23. Proposition. Let R be a nonempty strongly eutactic root system of norm 2. 
Let us consider the conditions 

Then: 

(i) Condition (C2) always holds (equivalently, nonempty strongly eutactic root 
systems are spherical 3-designs); 
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(a) Condition (C4) holds if and only if R is equivalent to one of the following 
systems: 

Ai, A2, D4, Eg, E7, Eg; 

(Hi) Condition (Cg) holds if and only if R is equivalent to one of the following 
systems: 

Ai, 2Ai, Eg, 2E8, Die; 

(iv) Condition (Cg) holds if and only if R is equivalent to one of the following 
systems: 

Ai, A2; 

(v) Condition {C\q) holds if and only if R is equivalent to one of the following 
systems: 

Ai, 2Ai, A2 D4, Eg; 

(vi) Condition (C12) holds if and only if R is equivalent to the system 

Ai. 

Proof. For x and y G R, we have {x \ y) G {0, ±1,±2}. Let x G R, and let, for 
a G {0,±1,±2}, 

N^:^\{yGR\{x\y) ^a}\. 

We have the evident relations N^a ^ Na, N2 ^ 1, and Nq + 2Ni + 2N2 = nh. 
Moreover, it is known that Na is independent of x and that 

Ni = 2h-4: 

(see Bourbaki |Bour81| . Lie VI, § 1.11, prop. 3.2, where it is stated for (nonempty) 
irreducible root systems; but it immediately extends to nonempty strongly eutactic 
root systems). 

Now, we renormalize Rhy R = -^R, so that R C S"^^. By Lemma|211 (applied 
with \x — ^ '^i X G X and A^; = otherwise) and equation (*), Condition (C2j) is 
equivalent to 

x.y^R 

However, since for every x € R we have [note that Q^'^^\—a) ~ Q^'^^\a)]: 

EQ^^^H(^i2/)) = E^"Q^'''n«/2) 

= 2Q(2J)(1) + {Ah - 8)Q(2j)(l/2) + ink - Ah + 6)q^^^\0), 

Condition (C2j) is equivalent to 

2Q(2j'(1) + {Ah - 8)Q(2j)(1/2) + {nh - Ah + 6)q^^'\0) = 0. 

This condition is linear in h and polynomial in n (since Q*-^-'-' is polynomial in n). 
It is, for 2j < 12: 

(C2) = 

(C4) n{n + A){n + 6){{n-10)h + 6{n + 2)) = 

(Ce) n{n + 2){n + 6)(n + 10){{n^ - A8n + 272)h + 30(n - 4)(n + 4)) = 
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(Cio) 



n{n + 2)(n + 4)(n + 8)(n + 14) 

X ((n - 4){n - 30)(n - 50)h + 42(n + 6){3n'^ - Un + 40)) = 

{n - 2)n{n + 2)(n + 4)(n + 6){n + I0){n + 18) 

X ((n - 24)(n - 28)(n - 76)h + 30(n + 8)(17n2 - 8n + 336)) = 

n{n + 2){n + 4)(n + 6)(n + 8){n + 12)(n + 22) 
(C12) X ((n^ - 186n^ + 10852n^ - 228504n2 + 1659232n - 967680)/i 

+ 66n(n - 2)(n + 10)(31n2 + 130n + 1144)) = 

We can now explicit the positive integral solutions of these equations. Let us take 
for example (C4): we have (n — 10)h + 6{n + 2) = 0, hence 

^ _ 6{n + 2) 
10- n ' 

Since /i > 0, we have n < 10. Now, if we introduce n = 1,2, ... ,9 in the last 
formula, we obtain the integral solutions 

(n,/i)-(l,2), (2,3), (4,6), (6,12), (7,18), (8,30), (9,16). 

It is now easy to list all strongly eutactic root systems having one of these param- 
eters. □ 



B Application to some selfdual lattices 
9 The cubic lattices 

Let 

Z" := {x = (xi, . . .,Xn) eMJ' i = l,--- ,n} 

be the cubic lattice of rank n. It is an odd selfdual lattice whose shadow is: 

5/i(Z") = {x e R" I a;, e Z + i, i 1, • • • , n}. 

In particular, (t(Z") = n. 

24. Lemma. We iiave 

'er^ ifP = l, 

if P e h(2)(R"), 

^"■■^ I ci(P) As9'^ if P e n'^'^^W), 

c2iP) <i> AsOr^ ifPen^^^W), 

where c\ is a nonzero linear form if and only if n ^ 2, and ci is a nonzero linear 
form if and only if n ^ 3. 

Remark. The theta series of 57i(Z") are given by PropositionllOl 

Proof. The equality 8z" — ^3 follows directly from 8z" — (©z)" and 8z — ^3. 
Proposition nil gives the form of Oz-^p for P £ H^'^^^M.''), j ^ 1, 2, 3. 

It remains to show that ci and C2 are not identically zero for n large enough, 
i.e., there exists P € 7i'^^^(R") (if n ^ 2) such that Oz",p ^ 0, and there exists 
Q e H^^^iM.") (if n ^ 3) such that ez",Q ^ 0. Wc can chose for example 

P{x) ^xj + xi- Gxjxl, ez'^,p{z) = 4g + • • • , 
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and 

Q{x) = {xl +xl + xl) - 15{xjxl + xixj + x^xj) + 90{xlxlxl), 
Qz'KQiz) = 6g ^ . 

Finally, the fact that ci = [respectively C2 = 0] if n = 1 [respectively if 
n — 1 or 2] is an easy exercise. □ 

The zero coefficients of the Fourier expansion of the series of the last Lemma 
are given in Lemma 1 171 Therefore, by Lemma |5l we have: 

25. Theorem. 

(i) For n ^ 2, all nonempty shells of Z" and Sh{Z") are spherical 3-designs. 
(a) The following shells are spherical 3y2-designs: 

and Sh{T?) : every nonempty shell, 

(Zi6)„ ; m = 4'^2, a ^ 

Sh(Z^^)m ■■ TO = 4'^2, a > 1 

5/i(Z*0)„ : TO = 24. 

(Hi) The following shells are spherical 5-designs: 

'■ m — 2a, a ^ 1 

(Z^)™ ; TO==4"(86 + 3), a,b^O 

Sh{Z^^)ra : TO = 4a + 2, a^l. 

Note that the zero coefficients of series A803 for n = 2, 3, and $ A803 for n = 3, 
that are mentioned in Lemma [T7I correspond to empty shells of the lattices 7? and 
7? . Zero coefficients of Ag^g for n — 1 and $ Ag^g for n— 1,2 are irrelevant for our 
purpose, because they correspond to cases where ci and C2 are zero in Lemma |24l 
Similar remarks hold for the shadows of these modular forms. 

We give in Appendix an alternative proof that some shells of the cubic lattices 
of rank 4 and 7 are 5-designs. 

26. Proposition. 

(i) For n ^ 2 and 1 ^ m ^ 1200, the nonempty shells of norm to of Z" are not 
spherical 5-designs, except those mentioned in Theorem 1251 

(a) For n ^ 2 and n/4 ^ m ^ n/4 + 1200, the nonempty shells of norm to of 
57i(Z") are not a spherical 5-designs, except those mentioned in Theorem \25\ 

Proof, (i) We check first numerically that the statement holds for n < 408. Then, 
we apply LemmalT^with ip'-°'^ = A8(z) = q-hO{q'^) and tp = 93{z) = l-\-2q-\-0{q'^). 

(n) 

Numerical computations give M408 ^ 1200, and thus the coefficients of 

are positive for 1 ^ j ^ 1200 and n ^ 408. By Lemma |^ and Lemma |S1 the 
corresponding shells (Z")j are not spherical 5-designs. 
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(ii) We check first numerically that the statement holds for n < 426. Then, we 
apply Lemma II8I to 

(yj^o) = -16ShAs{z/2) = 1- 16g + 0(g2), 
4, = ^-1/802(^/2) = 2 + 2g + 0{q^). 

(The substitution z z/2 is equivalent to the substitution q q^^"^.) Numerical 
computations give M426 ^ 600. It follows that the coefficients a^- of 

in) 

are positive for ^ j ^ 600 and n ^ 426. In other words, the coefficients of 

are negative for n/4 ^ 2j + n/4 ^ n/4 + 1200 and n ^ 426. The proof is achieved 
by invoking Lemma l24l together with Proposition llOl and Lemma |S1 □ 



10 The Witt lattices 



Let n be a positive multiple of 4. The Witt lattice of rank n is the lattice 
r„ := Ix = {xi,.. .,Xn) G I 



2x, e Z Vi, ^ 

Xi — xi ^ Ti Vi, 

Xi + X2 + ■ ■ ■ + Xn ^ 2Zj 



It is selfdual, and it is even if n = mod 8 and odd otherwise. When n = 4 mod 8, 
the shadow of r„ is 



Sh{Tn) = {x = [xi, . 



2x, ^7L \li, 

Xi — xi £ Vi, 

xi + X2 + • • • + x„ e 2Z + 1, 



The lattice r4 is equivalent to the cubic lattice and is thus analysed in the 
previous Section; therefore, we assume that n ^ 8. The lattice Fg is analysed more 
precisely in the next Section. 



27. Lemma. Let n be a multiple of 4 greater than or equal to 8. Then 
'5(6*2 +6*3 +6*4) ifP=l, 

ifP en'^^^R'^), 



eA.. 



ci(p) + er* - or^) 



ifP e 7i:('*)(R"), 



C2(P)l 



■2 1/3 1/4 



AQ4a4:l 

4 fl4\/)n— 4 



+ ("4 ^ "2/"3 



ifP e n^^^R''). 

where ci and C2 are nonzero linear forms on Ti.'-^'^iR^) and H'^^^iR'') respectively. 
Proof. Let G the subgroup of 0{n) containing the transformations of the form 



{xi,...,Xn)^ [eiXi, enXn) 
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where ei = ±1 and £162 ■••£« = 1- It is clear that G leaves r„ invariant. We denote 
by 7i'^-'^(R")'' the set of elements of TiS'^^^{W^) which are invariant under the action 
of G given by {'-^P)[x) = P{j~^x). Let 

be the projection on the invariant part of Ti^^-') (K"). Since for all 7 G G 



we have Qr„.p — 0r„,7r(p)- Therefore, it suffices to prove the Lemma for P G 
Let 



2x, e Z Vi, > 

~ Xi + X2 + ■ ■ ■ + Xn 'E 2Z; 





which is a lattice equivalent to r„. Let D„ :— e Z" | (x | x) e 2Z}; we have, by 
definition, 5/i(Z") = \ D„. We have the following inclusions of lattices, where 
labels indicate indices of sublattices: 



r' 



D„ 

Expressing Dj^ as the union of its classes modulo D„, we obtain 

Dl = (r„ \ D„) u (Z" \ D„) u (r; \ D„) u d„. 

Hence, since 5/i(Z") = Bl \ Z", 

sh{z^) = (r„ \ D„) u (r,; \ d„), 

from which we deduce, 

05/i(Z"),p = 0r„,p + 0r,;,p ^ 29d„,p- 
As 29d„,p(z) = 6z",p(2^) + Qz'\p{z + 1), we have 

er„,p(2) + Qk,p{z) = ez".p(2) + ez-,p(z + 1) + Osh(z^^)A'^)- 

Let a be the orthogonal transformation of M" defined by 

a{xi,X2, ...,Xn) = {-Xi,X2, ■ ■ ■,Xn); 

we have ctF; = r„. Let P e H^^-'^R")'^, where =^ 2j 6. It is easily checked 
that, since 2j ^ n, P is a polynomial which is even in xi, X2, . . . , a;„, and therefore 
P is invariant under the action of a. Thus, 0r;;.p — Qr„.aP — 0r„,p, and 

er„,p(^) = ^(ez",p(^) + ez",p(^ + i) + e5,.(Z"),pW). 

We use Lemma EH and identities found in |ConSlo99l Chap. 4, §4.1, p. 104] to 
conclude. □ 
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Now, using Lemma |S1 we have: 

28. Theorem. Let n be a multiple of 4 greater than or equal to 8. 

(i) All nonempty shells of r„ and 57i(r„) are spherical 3-designs. 
(a) All nonempty shells of Fg are spherical 7-designs. 
(Hi) All nonempty shells of Fig are spherical 3^/2-designs. 

We do not know if any shell of F„, for n ^ 12 is a spherical 5-design; however, 
as in the case of cubic lattices, we can show: 

29. Proposition. For n > 12 and 1 ^ m 1200, the nonempty shells of norm m 
of r„ and of their shadows are not spherical 5-designs. 

Proof. For m < n/4, we remark that (F„)„j = (Z")^ when m is an even integer and 
(r„)m = otherwise. If moreover n = 4 mod 8, then we have (5'/i(r„))^ = (Z"),„ 
when m is an odd integer and (5?i(F„))^^ = otherwise. Therefore, for n > 4800, it 
suffices to apply Propositionl26l For n ^ 4800, we content ourself with a numerical 
verification. □ 

The case of Fg is considered in more details in the next Section. 
11 Even selfdual lattices of rank at most 24 

We recall here the classification of these lattices, due to Niemeier. Note that we 
already know by Proposition |31 that their rank is a multiple of 8. 

30. Theorem. 

(i) There is exactly one even selfdual lattice of rank 8, that is the Korkine- 
Zolotarev lattice 

Tg = E^. 

(a) There are exactly two even selfdual lattices of rank 16, that is 
Fg e Fg = (2 Eg)+ and Fig = D+ . 

(Hi) There is a bijection between the even selfdual lattices of rank 24 and the 
twenty-four strongly eutactic root systems of norm 2 and of rank 24, given by 
A <-> A2. These root systems are (in parentheses is the Coxetcr number of the 
system): 

024(0), 24Ai (2), 12A2(3), 8 A3 (4), 
6A4(5), 4A5 + D4(6), 604(6), 4A6 (7), 
2A7 + 2D5(8), 3Ag(9), 9A9+D6(10), 4D6 (10), 
An+Dy + Eg (12), 4E6 (12), 2Ai2(13), 3D8(14), 
Ai5 + Dg (16), Dio + 2 E7 (18), Ai7 + E7 (18), 2 D12 (22), 
A24 (25), Die + Eg (30), 3 Eg (30), D24 (46). 

Claims (i) and (ii) are consequences of Claim (iii), since A = i?+ is an even 
unimodular lattice of rank 8 [respectively 16] if and only if A®Fg0Fg — (i? + 2 Eg)"*" 
[resp. A © Fg = (i? + Eg)+] is an even unimodular lattice of rank 24. 
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The lattice corresponding to O24 is the famous Leech lattice, and those corre- 
sponding to nonempty strongly eutactic root systems of rank 24 are the the Niemeier 
lattices; those corresponding to the three last root systems listed are Fig ® Fg, 
Fs © Fg © Fg, and respectively. 

There exist several proofs of Claim (iii); a proof explaining the bijection is found 
in |Venk78| . 

31. Lemma. 



(i) Let A = Fg 



Eg be the Korkine-ZolotarefF lattice. Then 



e 



fQ 

if P e (r8) ^ 2j = 2, 4, 6, 10, 

Cl(P)A24 
A,P = \ C2(P)QA24 
C3(P)RA24 
C4(P) Q2A24 

[c5{P)RQ^A2 

where c\, ci, C3, C4, and C5 are nonzero hncar form on Ti.'-^^R^), Ti.'-^^^R^) 
H(1'*)(]R*), 7i:(i6)(]r8)^ and7^(i8)(R8) respectively. 



ifP = 1, 

ifP e 7i(2j)(R8 

ifPeH^^^') 

ifPen'^^^^ 

ifP e ^(1*^) 
ifPe 7^(18) 



fiij Let A be one of the two even selfdual lattices of rank 16. Then 



&A.P = < 





ci(P) A24 

C2(P)QA24 
C3(P)RA24 
C4(P) Q2A24 
LC5(P)RQ2A2 



if P = 1, 

if P e 7i:(2j)(Ri6 
ifP(^n^^\ 
ifPen'^»i{ 
ifPen^^'''' 
ifPen^^^^ 
ifP e ^(1-*) 



2j = 2,6, 



where ci, C2, C3, C4, and C5 are nonzero linear forms on 7i^'*)(M^^), Ti^^''(E}^) 



(iii) Let A be tiie Leech lattice. Then 

72OA24 



e 





Ci(P)Ai4 

C2(P)QA24 

C3(P)RA24 

C4(P) Q^A^^ 
U5(-P)RQ'A 
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if P = 1, 

if P e (-r24)^ 2j = 2, 4, 6, 8, 10, 14, 

ifPe W(12)(R24)^ 

ifPeH(i6)(R24)^ 
ifPeH(i*^HR'^)> 

ifP eW(20)(R24)^ 
ifPe 7i(22)(K24)_ 



wiere ci, C2, C3, C4, and C5 are nonzero linear forms on the corresponding 
spaces. 

(iv) Let A be an even selfdual lattice of rank 24 and of minimum 2. Let := 
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IA2I/24. Then 



ifP = 1, 
ifP G 

ifPe n^*\R"), 
ifPe 
ifP e 

ifPe n^^"Hw), 

where c\, C2, C3, and C4 are nonzero Unear forms on the corresponding spaces. 

Proof. It suffices to apply Propositions 1151 and 1161 In order to see that the linear 
forms Ci, i = 1,2,..., are nonzero, we apply Lemmal^and Proposition 1231 to A2 if 
A is not the Leech lattice, and to A4 if A is the Leech lattice. (Note that, since 
{{x \ y) \ x,y € A4} = {0, ±1, ±2, ±4}, the shell A4 is a tight 11-design: see 
|DecioSe77[ Theorems 5.12 and 6.8] or |GoeSei79l Theorems 5.3 and 5.4]. It follows 
that A4 cannot be a 12-design.) □ 

Remark. In fact. Propositions El and E| show that the root system of an even 
selfdual lattice of rank 8 [respectively 16, 24] is nonempty and a 7V2-design [resp. 
is nonempty and a 5y2-design, is strongly eutactic]. Theorem 1201 says that, for each 
root system in dimension up to 24 which satisfies the above condition, there exists 
exactly one even selfdual lattice with such a root system. But in higher dimensions, 
there can be more than one even selfdual lattice with the same root system. 

As in the preceding case. Lemma give: 

32. Theorem. 

(i) All shells of Fs = are spherical 7^/2-designs. 

(a) All shells of the two even selfdual lattices of rank 16 are spherical 3^/2-designs. 

(Hi) All shells of the Leech lattice are spherical liy2-designs. 

(iv) All shells of any even selfdual lattice of rank 24 and of minimum 2 are spherical 
3-designs. 

Remark. We have checked numerically that the shells of norm at most 1200 of these 
lattices are not spherical designs of higher strength. 

Claims (i) to (iii) of the Theorem above are special cases of Theorem 16.4 of 
|VenMarOT] (see also jVenk84| ) . since the lattices mentioned in these claims are 
extremal. See the remark at the end of Section [S] 

Another consequence of our analysis is a reformulation in terms of spherical 
design strength of shells of lattices of a famous conjecture of Lehmcr, which states 
that the Ramanujan numbers T{m) are never zero for m ^ 1. This conjecture has 
been verified for m ^ 10^^ |Serr85l § 3.3]. 

33. Proposition. Let T{m), m ^ 1, be the Ramanujan numbers defined by 

A24(^) = E ^M?'"- 

For m ^ 1, the following are equivalent: 
(a) T{m) — 0; 



6a,p ^ < 



Q3 - 24(30 - h)A24 


Ci(P)QA24 
C2(P)RA24 
C3(P) Q2A24 
|C4(P)RQ2A24 
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(b) (r8)2m is a,n 8-design (and therefore an ll-design); 

(c) for any even selfdual lattice A of rank 16, is a A-design (and therefore a 
7 -design); 

Therefore, Lehmer's conjecture is true if and only if no shell of Fg is an 8-design, 
and if and only if no shell of any even selfdual lattice of rank 16 is a 4-design. 

Similar conjectures could be stated for other modular forms than A24, and have 
an equivalent formulation in terms of spherical design strength of shells of lattices 
(see Proposition C in the Introduction). 

12 Selfdual lattices with long shadow 

In this section, we consider selfdual lattices with cr(A) = n~8. We begin with those 
of minimum at least 2. We recall here their classification Elki95b . 

34. Theorem. There is a bijection between the selfdual lattices with (t(A) — 
n — 8 of minimum at least 2 and the 14 strongly eutactic root systems satisfying 
h — 2(23 — n), given bj A A2. These root systems are (in parentheses are the 
corresponding values of n and h): 

Eg (8,30), D12 (12,26), 2 Ey (14,18), A15 (15,16), 
2 Dg (16, 14), An + Eg (17, 12), 2 Ag (18, 10), 
SDe (18,10), 2A7 + D5 (19,8), 4A5(20,6), 

5D4(20,6), 7A3(21,4), 22Ai(22,2), 023 (23,0). 

Recall that we denote by i?+ the (unique up to dimension 23) selfdual lattice A 
of root system i? = A2. Apart from Fg = E^, which is even, all these lattices are 
odd. They are of minimum 2, except O^g which is of minimum 3 (it is the so-called 
shorter Leech lattice). 

The theta series of such lattices are now easy to calculate (we exclude here the 
theta series of Fg = E^, which have been given in Lemma rTT|l . 

35. Lemma. Let A be an odd selfdual lattice with (t(A) = n — 8 and of minimum 
at least 2. 

(i) If A is of minimum 2, then 

{0^ -2nej^~^As ifP=l, 
ifPe7^(2)(jg«)^ 
C2(P) ifP e H^^^iR"). 

where ci and C2 are nonzero linear forms on H'-'^^W) and H''^\M:'^) respec- 
tively. 

(a) If A = 0^3 is the shorter Leech lattice, then 

(9f- 46 91^ As ifP^l, 
_ I if P e H(2j)(]g23)^ 2j = 2,4,6, 

" I ci{P)efAl ifP^n^^\^^^), 

MP) "^Sf^l ifP e h(i°)(K^^), 

where ci and C2 are nonzero linear forms on 7i(s)(M") and H'^^^^W) respec- 
tively. 
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Proof. Propositions E| and El give the forms of the theta series (incidently, they 
show that A2 is strongly eutactic and that h = 2(23 — n) as stated in Theorem I34II . 
except the fact that the Unear forms ci and C2 are nonzero. 

If A is of minimum 2, by Proposition [51 apphed to the root system of A, the 
hnear forms ci and C2 are nonzero. 

Consider now the case A = Let x G A3, and set := G A3 | (a; | ?/) = 
a} I . It is known that 

N3 = N-3 = 2, iVi = A^_i = 891, iVo = 2816, 

and Na — for other a's. (This foUows from he fact that A3 is a tight 7-design: see 
pI)eGoSe77, Theorems 5.12 and 6.8] or GocSei79:, Theorems 5.3 and 5.4].) From 
this, using Lemma l22l fwith = 1 if x G A3, and = otherwise), it is easy to 
see that ci and C2 are indeed nonzero. □ 

The zero cocfhcicnts of the Fourier series for the modular forms of the Lemma 
are given by Lemma [T7I We deduce: 

36. Theorem. 



(i) Every nonempty shell of any selfdual lattice with (j(A) = n — 8 of minimum 2, 
and every nonempty shell of its shadow, is a spherical 3-design. 

(a) The following shells are spherical 3y2-designs: 

(2D8)+ : TO = 4"^, a ^ 1 

(Hi) The following shells are spherical 5-designs: 

(4A5)+, (5D4)+ .TO = 4'', a ^ 1 
(2D8)+ : TO = 2a+ 1, a ^ 1 

(iv) All nonempty shells of the shorter Leech lattice and of its shadow are 
spherical 7-designs. 

Remark. We have checked numerically that the shells of norm at most 1200 of these 
lattices and of their shadows are not spherical designs of higher strength. 

Let us now turn to selfdual lattices of minimum 1. 
37. Lemma. Let A be a selfdual lattice with cr{A) ~ n — 8 of minimum 1. 
(i) Jf A = Zi ® E+ = Zi ® Fs, then 

{el-mOsAs ifP=l, 
C2(P) (0|A8 + 8 03Ai) ifP e 7^(4) (1^9)^ 
C4(F) (a>0iA8 - $03 Ai) ifP e 7^(6) (K9)^ 

where ci, C2 and C4 are nonzero linear forms on Ti.'-^\M.^), 7i'^*^(R^) and 
n^'^'>{R^) respectively 
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(ii) If A = Zi ffi 0+3, then 



e 



(el'^ -Aeel'^As ifp = i, 

C2(P) (^i^Ag - 40 016^1) if P e H(4)(^24)^ 

^C4(F) ($6*24 As _ IGMl^Al) if P e H'-^I {R'^^) , 



where c\, C2 and C4 are nonzero hnear forms on H'^^^R^'^), H'-'^^R^'^) and 
7i:(6)(r24^ respectively. 



(Hi) Otherwise, we have 



2nd'r^-^As ifP=l, 



ci{p)^e^'^As ifp e n^^^HR"-), 

C2{P)e^As + c^{P)9r^Al ifP e 
^C4(P) M^As + C5{P) <S>9^-^Al ifP e 7i:(6)(R"), 



where Ci is a nonzero hnear form on Ti^'^^R"'), C2 and C3 are hnearly indepen- 
dent hnear forms on H'-'^\R^), and C4 and C5 are hnearly independent linear 
forms on n^^^W). 

Proof. Let A — ® L, where L is a lattice of minimum 2 and of rank TV, and let h 
be the Coxeter number of the strongly eutactic root lattice L2 . Let Vi [respectively 
V2] be the space generated by [resp. L], so that R" ^ Vi ® V2. For x e R", let 
Xi Cz Vi (i = 1, 2) such that x = xi + X2. Let tOilx) := {xi \ Xi). 
First, Proposition 1 131 gives the exact form of Oa. 

Now, by Proposition m we have Oa.p = ci{P) <^e'^~^ A^ for P e H^'^^R'^). 
The polynomial 

P:^^^.,-^.2^n^^\W^) 

verifies 6a, p (2) = q + 0[q^) 7^ 0; thus Ci is not identically equal to zero. 

Then, we have Ga^p = C2{P)e'^As + C3(F) 6'^"^A| for P € 7i:(4)(M"). Let be 
the polynomial 

^ 2p 1 pN 2N{N + 2) 2 ^ 

We have 

eA,Q(z) = 5 + 4[{p - 1) + 11^)9^ + 0(9^) 

= [q+ {2n 8)g2 + 0(q3)^ + i^{2p-2N + A+ ^^^^) + 0(<z') 
= e-iz) Asiz) + (2p-2N + A+ ^-!^^±^)er'{z) Aliz). 

If L is neither O^g nor E^, then, by Lemma 1^ there exists a i? e 7i*^4)(V2) C 
7^(4) (Rn) g^^^i^ ^j^g^^ 0^^^ ^ Yisve 

QaAz) = ezM(z) eL,fl(z) = C4(i?) g2 + 0(g3) = C4(i?) O^^iz) Al{z), 

with C4(i?) 7^ 0; that shows that C3 and C4 are linearly independant. 

If A = ZP ® E+ and if p ^ 2, we can find a 5 G H^^^iVi) C n^'^){R'') such that 
0zp,s = ^3^8- So we have 

0Z.eE- S = ©Z. S0E+ 1 = ^3^8(^1 - 16 As) = As - 16 03"-«A8. 
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Therefore, if we compare 

0Z.®Ej,Q = ^3 (^) A8(^) + Sper\z) Aliz)., 

we find that C2 and C3 are hnearly independent. 

If A = Zi®E+, it can be shown that C2 and C3 are not Hnearly independent. We 
do not prove it, since it has no effect on the conclusions of the following Theorem. 

If A = ZP ® 0+3, we proceed as for © E+. 

A similar method is used for computing &a,p for P e 7i(^^(R"). Note however 
that in the cases Z^ and Z^ E^, the polynomial corresponding to S* is a 
polynomial of the form 

5' = {Ncui- {p + 8)lj2) f en^^\M."), where f en^'^^Vi). 

and such that Oz^j 7^ 0, since Qz^,p = for every 

Again, Lemma El describes indices of vanishing coefficients for the series of the 
previous Lemma. Therefore, we have: 

38. Theorem. 

(i) Let A be a selfdual lattice of rank 24 with a{A) = 24 - 8 = 16. Then the 
shells Am and Sh{A)m are spherical 3-designs for m — 4"2, a ^ (except the 
shells Sh{A)2 and (Z^ 023)2, which are empty). 

(ii) Let A = Z^0r8. Then the shells Am are spherical 3-designs for m = 4''(86+7), 
a,b^O. 

Remark. We have checked numerically that the shells of norm at most 1200 of these 
lattices and of their shadows are not spherical designs of higher strength. 

13 Odd selfdual lattices of rank 24 and of minimum at least 2 

We need to know the precise form of the shell of norm 2 of these lattices and their 
shadows: 

39. Proposition. Let A be an odd selfdual lattice of rank 24 and of minimum 2. 
Then there exist a root system R, and strongly eutactic root systems S and T of 
Coxeter number hs and Ht respectively, such that 

- R^SnT, 

- hs + hr = 3hR + 2 where Hr := \R\ /24, 

- s e 5* \ i?, teT\R =^ (s I t) = ±i, 

- A2 = i?, and Sh{A)2 = (5 \ i?) U (T \ R). 

Moreover, T = R or S = R if and only if R is strongly eutactic. 

Sketch of the proof. Let A be an odd selfdual lattice of rank 24 and of minimum 2. 
Let Aq be the even sublattice of index 2, and let Aq be its dual. Then Aq/Aq ~ 
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Z/2Z © 1/2'L, and we have the following diagranim (integers indicate indices of 
sublattices): 

2 

A 





A' 



A" 



Ao 

where A' and A" are even selfdual lattices. We have Sh{h.) = (A' \ Ao) U (A" \ Aq) 
The root systems of the Proposition are 



i? = A2, S = A' 



T = A'' 



and, according to Theorem 1201 iii, S and T are strongly eutactic. By Proposition^] 
the theta series of A is 



where 



C2 = 24(|A2|/24- 2) = 24(/iH-2) 
^\Sh{K)2\^2A{hs + hT-2hj,), 

hence hs + hr = 3/i_r + 2. 

For X e R^'* and a e R, let N^^^ \{y A \ {x \ y) = a}\. Let s e S \ R; it 
can be shown that (see Lemma HUl below) : 



(*) 



s,R 



s,R 



8hT + 6hs - 12. 



Let us suppose that R is strongly eutactic and that 5 \ i? 7^ 0. Let s G S\R; since 
the polynomial function x i-^ (s \ x)'^ — 2{x \ x) is harmonic, we have the equality 

reR 



hence 



2hs-4 = Nl-'' + Nlf = ^ (s I r)2 = 



reR 



R 
□ 



Using the equality hs + hx = ihji + 2, we deduce that Ht = hn, therefore T 
and hs = 2hji + 2. Conversely, if T = _R, then R is strongly eutactic. 

To complete the proof, we establish formulae (*) above: 

40. Lemma. In the proof of the preceding Lemma, formulae (*) hold. 

Sketch of the proof. Let s E S \ R. The scalar product on Aq reduces to a bilinear 
form on Aq/Aq with values in (^Z) /Z, which is easy to explicit. In particular, for 
t GT, we have: 

r±l/2 .neT\R, 

^ ' ' I 0,±1 if i e i?. 
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(The values ±3/2 are excluded in the first case by computing the norm of s =p t.) 
From this, we deduce N^'[/2 = 12(ft.T-ft.fl), and N^^^ = N^^'^ for e = 0, ±1. Finally, 
N^''^ is deduced from the strongly eutaxy of T. For example, we have 

teT 

The last equality follows from the fact that T is a spherical 2-design (use The- 
orem 3.2 and Formula 3.6 in jVenMarOT] . or Proposition 1.13 in [HarPac04G] ) . 

Therefore iV''^ = 3hR - hr. □ 

There are 156 odd selfdual lattices of rank 24, classified in |Borc84) and listed in 
|BorcCS| . We give here the list of those with strongly eutactic root system, because 
it is the occasion to point out a remarkable bijection between two sets (compare 
with Theorems ISniiii and EH). 

41. Theorem. There is a bijection between the set of odd selfdual lattices A of 
ranJc 24, of minimum 2, and of strongly eutactic root system, and the set of pairs 
of embedded strongly eutactic root systems RC S in M^*^ satisfying hs = 2hfi + 2. 
The bijection is given by R = A2 and S = Sh{A)2- The list of pairs R C S is given 
below. (The numbers in brackets refer to Table 17.1 of \BorcCt^ ^ and Table III of 
\Bach97Tj . These lattices correspond to bold edges in the neighbourhood graph of 
Figure 17.1 in |Borc(;Sf ) 

O24 C 24Ai [1], 24Ai C 6D4 [6], 8A3 C 4D6 [32], 
6D4 C 3D8 [74], 2A7 + D5 C Dio + 2E7 [105], 4D6 C 2D12 [130], 
3D8 C 3 Eg [145], 3D8 C E8 + Di6[146], 2Di2 C D24 [154]. 

We are now ready to give the theta series for selfdual lattices of rank 24: 

42. Lemma. Let A be an odd selfdual lattice of rank 24, and of minimum at least 2. 
(i) If A2 is not strongly eutactic, and if h := [A2I /24, then 

(01^ ~A89fAs + 2A{h + 2)0lAl ifP=l, 

Qa,P = < Ci(P) $0f Ai ifP e 7^(2)(k24)^ 

[c2(P) Aj + C3(F) elAl ifP e W(4)(jg24)^ 

where c\ is a nonzero linear form on H'-^^R'^'^), and C2 and C3 are linearly 
independent linear forms on 7i^''^(R^''). 

(a) If A2 is nonempty and strongly eutactic of Coxeter number h, then 

fej'^ -48 61^ As + 2A{h + 2)91 Aj ifP=l, 

ifPe 7^(2) (^24)^ 

C2(P) Ai + C3(P) elAl ifP e 7i(4)(M24)^ 

C4(P) Ai + C5(P) ^elAl ifP e W(6)(]g24)^ 

where 02 and C3 are linearly independent linear forms on ^(^'(M^^), and C4 
and C5 are linearly independent linear forms on H^^'' (R"^^) . 

^ There are some errors in that table in the two first editions, which have been corrected in the 
third edition. 
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(in) If A2 is empty, then 



Qa.p = 



c3(P)6'fAi ifP€n^^\R^^), 

c^{p)<^elAl ifPen^^^iR^'^), 

where C3 and C5 are nonzero linear forms on 7^(4)(-r24-) ^^^j -^(6)(]g24) 

respec- 
tively. 

Idea of the proof. We use Proposition^] for computing the theta series. The main 
difhculty is to show that, for example, in case (ii), the coefficients C2 and C3 are 
hnearly independant. (Similar cases are treated in the same way.) The main idea 
is to look at the theta series of the shadow fProposition 110(1 : 

Qa^P = C2{P) ef Ai + C3(P) el^l = C2{P) + 0{q'), 

QshiA),p - C2(P) eY^ShAl + csiP)9lShAl = -24c3(P) + 0(g^). 
So, we have 

C2{P) = J2 -P(^) C3(-P) = -2"* 51 ^(^)- 

xeA2 xeSh{A)2 

The shape of A2 and Sh{A)2 is given by Proposition 123 Finally, one can find two 
harmonic homogeneous polynomials of degree 4 which give linearly independent 
values of C2{P) and C3(P). □ 

We can now conclude: 

43. Theorem. Let A be an odd selfdual lattice of rank 24 and of minimum 2. 

(i) If A2 is strongly eutactic, then all nonncmpty shells of A and Sh{A) are 3- 
designs. 

(ii) If A2 is not strongly eutactic, then the shells Am and Sh{A)m are 3-designs 
for m — A°- , a ^ 1. 

Remark. We have checked numerically that the shells of norm at most 1200 of these 
lattices and of their shadows are not spherical designs of higher strength. 

14 Other selfdual lattices up to rank 24 

According to their classification ([ConSlo99| Chap. 16 and 17] and |Bach97| '). the 
remaining selfdual lattices of rank at most 24 enter in one of the three cases of the 
following Lemma: 

44. Lemma. Let A = © L C M" be a selfdual lattice with cr(A) = n - 16, where 
L C is of minimum 2. 

(i) If p = and if L2 is not strongly eutactic, then 

Qa,p = c{P) M'^-^^Al ifP e h'^^\W), 

where c is a nonzero linear form on n'-^\W'). 
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(a) If p ^ 1 and if L2 is strongly eutactic of Coxeter number h, then 

Qj^ p = c(P) {^9'^-^ As + (46 ~2N~h) Ml^-^^Aj) if P e H^^\R"), 
where c is a nonzero Unear form on 7i;(2)(Rn) 
(Hi) If p ^ 1 and if L2 is not strongly eutactic, then 

Qa^p = ci(P) M!^-^As + C2(P) M'^-^^Al ifP e 
where ci and C2 are linearly independent linear forms on 7i^^-'(M"). 

We have checked numericahy that the sheUs of norm at most 1200 of these 
lattices and of their shadows are not 3-spherical designs. 



Appendix: The cubic lattices of rank 4 and 7 

The aim of this section is to prove the foUowing resuh, without the use of modular 
forms; 

45. Theorem. 

(i) Let Z"^ — {x — (xi, . . . , X4) G I e Z} be the cubic lattice of rank 4, and 
let m be an even positive integer. Then the shell (Z^),„ is a 5-design. 

(a) Let = {x = (cci, . . . , xj) £ I Xj G Z} be the cubic lattice of rank 7, and 
let m be a positive integer of the form m = 4°(8& + 3), a,b ^ 0. Then the 
shell {Z'^)m is a 5-design. 

We begin with the proof of Claim (i). Let C C (Z/2Z)^ be the even weight code 
of length 4, which is defined by 

c = (ci, C2, C3, C4) e C ■^F=^ ci + C2 + C3 + C4 = e Z/2Z. 

For y = (2/1, ... , 2/4) G Z** we write y E (Z/2Z)'* its class modulo 2 Z"*. Let A be the 
sublattice of Z'* consisting of elements x £ Z"^ such that x G C. It is a sublattice of 
index 2, which is equivalent to the root lattice of D4. 

All shells of A are 5-designs. This follows from the fact that A is invariant 
under the Weyl group W(F4), and there is no nonconstant harmonic polynomial of 
degree at most 5 that is invariant under the action of W(F4) ( [GoeSeiT^ Thm. 6.1], 
|(;oeSei81l Thm. 3.12]; see also |HarPac()4al Sect. 4]). 

Finally, for m an even positive integer, we have (Z^)m — Am', therefore (Z^)„i 
is a spherical 5-design. This proves Claim (i) of the Theorem. 

Let us now show Claim (ii). Let H C (Z/2Z)^ be the Hamming code of length 7. 
Recall that it is a linear code of minimal Hamming distance 3, containing 

- one codeword := (0, 0, 0, 0, 0, 0, 0) of weight 0; 

- seven codewords of weight 3; 

- seven codewords of weight 4; 

- one codeword 1 :— (1, 1, 1, 1, 1, 1, 1) of weight 7. 
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The set S of codewords of weight 3 forms a Steiner system S(2, 3, 7), and the set of 
codewords of weight 4 is S" + 1. See for example |Ebel94[ Sect. 1.2, p. 7]. 

Let A be the sublattice of consisting of elements x G such that x £ H. It 
is a sublattice of index 8, which is equivalent to v^E^, the rescaled weight lattice 
of E7. 

As in the previous case, all shells of A are 5-designs, because A is invariant under 
the Weyl group W(E7), and there is no harmonic polynomial of degree at most 5 
that is invariant under the action of W(E7). 

But contrarily to the previous case, no shell of Z^ is equal to any shell of A. 
Therefore, we need to look at the effect of the action of some finite subgroup of the 
orthogonal group of rank 7 on the shells of A. 

We recall first what is a weighted spherical design. 

46. Definition. A weighted spherical t-design or spherical cubature formula of 
strength t is the data consisting of a nonempty finite subset X of SJ^^^ and a 
positive function w : X — > M>o, x 1— > Wx, such that "Ylixex^^ ~ ^ ^-"^^ such that 
the condition 

holds for every integer j with 1 ^ j ^ t. 

(For more on cubature formulae on spheres, see for example |HarPac04b| .l 
Occasionaly, we allow the weight function w : X ^ M. to take the value zero. 

A spherical design is a weighted spherical design with constant weight function 

Wx = 1/\X\. 

47. Lemma. Let X C be a spherical t-design and let G be a finite subgroup 
of tie ortliogonal group 0{n). Then GX is a weighted spherical t-design for the 
weight function 

\{aeG\ayeX}\ 
\G[W\ ' 

Proof For P G Ti^-?) (R"), 1 sC j < t, we have 

The last term is zero, because Poa e U^^'^ (M") and X is a spherical <-design. □ 

We apply the previous Lemma to the subgroup G = Aut(Z^) ~ (Z/2Z)^ xi 67 
of 0(7), which consists of transformations of the form 

{xi, . . . , a;7) (eix^(i), . . . , £72^^(7)) 

where ti e {±1} and tt is a permutation of the set {1, 2, . . . , 7}. 

Let c G {0, 1, . . . , 7}, and let m be a positive integer such that m = c mod 8. 
For y = (yi, ... ,2/7) G (Z^)™, let W{y) be the weight of y G (Z/2Z)'^, that is the 
number of coordinates i such that yi is odd. (Caution: the word "weight" has two 
different meanings in this Appendix.) The condition yf + --- + y^ = c mod 8 implies 
that W{y) takes the values indicated in the following table: 



c 


W{y) 


c 


W{y) 





0,4 


4 


0,4 


1 


1,5 


5 


1,5 


2 


2,6 


6 


2,6 


3 


3 


7 


3,7 



36 



Now, the quantity 

A(y) 



\{aeG\aye A„}| 
\G\ 



for y G (Z"), 



depends only of W{y); it is given by the foUowing table: 



W(y) 


Ky) 


W{y) 


My) 





1 


4 


1/5 


1 





5 





2 





6 





3 


1/5 


7 


1 



Applying Lemma E| we find that 

- for m = mod 8 and to = 4 mod 8, the shell (Z^),„ is a weighted spherical 



5-design for the weight function 
1 



if W{y) — 0, and Wy 



if W{y) 



|A™| ' ' 5|A, 

for TO = 3 mod 8, the shell (Z^)„j is a spherical 5-design; 

for m = 7 mod 8, the shell (Z^)„j is a weighted spherical 5-design for the 



weight function 

Wy = 



if W{y) = 7, and Wy 



5|A, 



if W^(j/) 



In order to achieve the proof of Theorem 1451 Claim (ii), it remains to show the 
following statement: 

Let m be a positive integer. If (Z^)„j is a 5-design, then (Z'^)4„i is also 
a 5-design. 

The proof is the following. We write (Z^)4m as 

(Z^)4.^ = 2 (Z^),„ U Q 

where 2 (Z^)^ is the shell of norm to rescaled by a factor 2, and Q contains the 
elements y € (Z'^)4m such that W{y) — 4. We have shown that {Z'^)4m is a weighted 
5-design for the weight function 



1 



if y e 2 (Z'')m, and Wy 



1 



ifyeQ. 



But since (Z^)™ is a 5-design by hypothesis, then (Z^)4m is a weighted 5-design for 
the weight function 

Wy 



1 



(Z^ 



if J/ e 2 {Z'^)rn = 0, and = if y G Q. 



It is evident that, if X is a weighted i-design for two weight functions w and w, 
then it is a weighted t-design for every convex linear combination of w and w. 

In particular, since, in our case, there is a suitable convex linear combination of 
w and w which is constant on (ZJ)4m, the shell {7J)4m is indeed a 5-design. 

Remark that our proof also shows that the shells of Z^ of norm to = 7 mod 8 
and those of norm m = mod 4 are weighted spherical 5-designs, although they are 
not spherical 5-designs in general. 
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